A direct, constructive proof is given for the basic representation theorem for convex domination of measures. The proof is given in the finitistic case Žpurely . atomic measures with a finite number of atoms , and a simple argument is then given to extend this result to the general case, including both probability measures and finite Borel measures on infinite-dimensional spaces. The infinite-dimensional case follows quickly from the finite-dimensional case with the use of the approxi mation property.
INTRODUCTION
One of the basic theorems of convex domination is the result of Hardy et al. 1929 Hardy et al. , 1959 Ž . � and y , . . . , y are real G5, 6 , which says that if x , . . . , 1 , and to show how this elementary result can be used to easily give the general results with nonfinitistic measures and infinite dimen sional spaces Žseparable Banach spaces or compact convex metrizable subsets of locally convex topological vector spaces .
. Previous proofs of general cases have used various ad hoc arguments, and it seems not to have been noticed that all follow from the finitistic case. In particular, it should be of interest that the infinite-dimensional result follows quickly from the finite-dimensional case by an application of Grothendieck's approximation property. The language of fusions of mea sures, introduced in G � for probability measures, will be used as the most 3 natural setting for the proofs.
FINITE FUSIONS AND THE FISCHER�HOLBROOK THEOREM
Throughout this paper, measure will mean finite, nonnegative countably additive measure, and except for the last section, all measures will be ŽBorel. measures with finite support on finite-dimensional Euclidean space � d . For such a measure P, P will denote its total mass P � , P x the < < Ž d . Ž . � 4 � � , supp P the support of P, and b P Ž .
x � E and � 0 otherwise. For z � �, z denotes the positive part max � z, 04 of z, and for S � �, S denotes the cardinality of S.
G � The next definition is a special case of Definition 3.5 in 3 of fusion for more general spaces and measures. Q is a fusion of P if there exists a nonnegative row-stochastic n ; m matrix R satisfying
Ž . p x � � and similarly for q, qy .
r i j as follows. Start with P, which places mass p i at � 4 i x , i � 1, . . . , n. The first atom of Q, mass q at y , is formed by removing fraction r of the mass p at x 1 1 i1 i i n for each i � 1, . . . , n, and fusing this total removed mass q � Ý r p at
ŽAn alternative equivalent definition is that Q is a fusion of P if there is a nonnegative column-stochastic n ; m matrix T with y � xT and T q t � p t ; the version in Definition 2.1 is chosen for symmetry and ease of intuitive description. For measures with finite mean Žbarycenter ,
. Q is a G � . fusion of P iff P is a dilation of Q; cf. 3 .
Let C denote the set of all nonnegative convex real-valued functions on
For two Žfinitely supported. measures P and Q on � , P con;exly dominates Q Žwritten P � Q. if
ŽAn extension of this definition to more general measures and spaces and its equivalence to the definition in G � for probability measures are con 3 tained in Section 5..
The following theorem Žconclusions Ži and Ž . . iii . is the fusion version of the finite-dimensional Fischer�Holbrook Ž1980. result. 
Ž .
i Hc dP � Hc dQ for all c � C Ži.e., P � Q..
There exists a fusion P of P that majorizes Q, i.e., P � Q.
. is a fusion of P.
Observe that ; is simply that point in � d where the ''excess'' mass Ž< < � Q . must be placed to retain the barycenter of P. P < < The equivalent combinatorial or matrix-theoretic version of Ž . Ž . is as i � iii follows Žthe proof given below, however, will be in the above fusion setting . . Remarks. The power of Theorem 2.3 and the key difference from the constant mass Žprobability measure. analog is the surprising ''something for-nothing'' implication Ž .
.
i � Ž .
ii , which is vacuous if P and Q have the same total masses. Given the set of inequalities Ž .
i , the stronger Žrecall c � 0. set of inequalities Ž .
ii follows. This implication clearly may fail for
. It should also be noted that the class C can be replaced by the class of nonnegative convex polyhedral functions in the conclusion of the theorem, since P and Q have finite supports.
PROOF OF MAIN THEOREM
To begin with, two geometric lemmas will be established that will be key ingredients in the proof of the main theorem. The first will be used to construct a fusion that preserves the integral of a special convex function, and the second will be used to apply this technique to special points guaranteed to be in the domain of such fusions. Throughout this section,
X is the closed convex hull of X � � .
� � is con;ex and piecewise affine.
Ž . iv For each y � co T there exists a subset S of T and positi;e � 4 Ž .
y , and y has a unique con;ex combination representation in S that is, if
Proof. Observe that c is just the ''lower'' boundary of the convex
polyhedron Žin � . that is the convex hull of the set �Ž x, c x .
Ž . Ž . follow easily since c is convex, and Ž . follows by projecting Then i � iii iv the lower face of K onto � d and taking S to be the set of extreme points d Ž of the simplex of minimal dimension in � formed from the projections of the extreme points of K . that contains y. X . By the basic separating hyperplane Ž . theorem, there is a hyperplane separating y and co X ; that is, there is a linear functional f :
Žas the maximum of two affine functions � , 0 , observe that � is convex . Ž .
Ž . Ž . and nonnegative and satisfies � y X 0 and � u � 0 for all u � co X F Ž� 4. supp P. But by definition of support, Q y X 0, so this implies that H� dQ X 0 � H� dP, contradicting the assumption P � Q.
ŽCompare the analog of Lemma 3.3, Theorem 3.20 in G � 3 , which asserts the corresponding inclusion of supports of the measures for more general spaces, but under the assumptions of fusion of two measures of the same mass. In addition, if P has a finite mean Žbarycenter ,
. then convex G � domination is equivalent to fusion; this is the basic Theorem 4.1 of 3 ..
It is easy to see that fusions always preserve both mass and barycenter. This and several other useful properties are recorded in the following proposition. 
iii Ž . Ž . F F P is compact and con;ex when ;iewed as a subset of
Proof. Conclusions i � iv are straightforward from the definition of Ž . Ž fusion, and v is an easy consequence of Jensen's inequality. Alterna Ž . Ž . Ž . Ž . tively, iii convexity only , iv , and v also follow from the more general infinite-dimensional versions in Theorem 3.11, Theorem 3.12, and Corol G � lary 3.17, respectively, in 3 ..
�
For the remainder of this section, P and Q will be nonzero finite measures with finite supports X and Y, respectively, in
The main tools in this section can be expressed in terms of a certain easy special type of fusion, which will now be identified for ease of exposition.
DEFINITION 3.5. P is an S-to-y P-fusion of mass transfer m
and so that P y mŽ
otherwise.
P x P x
ŽIn other words, P takes mass only from S and places it all on a single point y, chosen so that the barycenter is preserved..
The next three results form the basis for the proof of Theorem 2.3. The first lemma establishes the existence of a fusion of P preserving inequality of integral for a gi;en c � C C; the second is a trick using this single c to find a fusion of P that is uniformly ''good'' for all c � C; and the proposition builds on these to conclude the existence, for each y � Y, of a fusion of P of strictly positive mass transfer that preserves convex domina tion of Q. Then the proposition is used via a minimality argument to establish the key implication in Theorem 2.3. 
is a subset S of X such that y has a unique con;ex combination representation in S, and such that there is an S-to-y P-fusion P S of mass
S G � c � G � transfer m such that P Q c .
Proof. Fix y � Y, c � C.
Let c � c be as in Definition 3.1. By˘X coŽ . Ž . Lemma 3.3, y � X , so by Lemma 3.2 iv there is a subset S of X such that y has a unique convex combination representation y � Ý x� and
˘Ž .
x�S

� 4 Let P S be the S-to-y P-fusion of mass transfer m determined by
Ž .
Ž . 1 and Ž . where the equality follows from 2 , and the inequality by the convexity of c ŽLemma 3.2 i Ž .. and the hypothesis that P � Q. ŽNote c is not actually defined off coŽ . X , but since c is the maximum of a finite number of affine functions on coŽ .
X , it has an immediate extension to a convex function on all
where the equality follows by the definition Ž . 
Proof. Fix y � Y, and recall y � coŽ . X by Lemma 3.3. In fact, it will even be shown that for some S � X there is an S-to-y P-fusion of mass transfer m satisfying Ž .
5 and such that y has a unique convex combination representation y � Ý x� for some S � X. Suppose, by way of contra-
diction, that there is no such fusion. That is, for every subset S of X for which y has a unique representation y � Ý x� there exists a c � C C
so that if P S is the unique S-to-y P-fusion of mass transfer m, then
Let S � �S � X: y has a unique representation y � Ý x� 4, and let
Note that S 1 and S 2 are disjoint, and since P � Q,
S S S
ŽTo see that c � C, note that c is the sum of positively weighted functions S C, using the definition of S 1 Ž . Ž . c � for the first sum, and 6 and 7 for the second..
Since c � C, by Lemma 3.6 there is a subset S 0 of X such that y has a Ž . unique convex combination representation in co S and so there is an S-to-y P-fusion of mass transfer m with . each term in the first summation in Ž .
9 is � �1.
S 0 � S . By Ž . 9 and Ž . Case 1.
which is X 0, contradicting Ž . 8 .
there exists an X -to-ŷˆ Q. P-fusion P of strictly positi;e mass transfer such that P � Proof. First assume X � Y � �. Let P 1 be as in Lemma 3.7, so P 1 Ž .
and
for all c � C, where � 4 are nonnegative,
�1 m� c X 0 for all c � C . 11
Ž . ˆ � 4
Letting P be the X-to-y P-fusion determined by the same � x , but mass
where the inequality follows by Ž . 11 . Now for the general case where
iii . Suppose P � Q, and let F be the collection of all fusions P of P satisfying Ž .
P�F y�Y
Since X and Y are finite sets, and the set of fusions of P with support contained in X � Y is closed Proposition 3.4 with Ž Z � X � Y ., and since F is nonempty since Ž P � F ., � is attained. That is, there is a P� F such max y � Y � Ž . �˜ 4 that � � Q y Ž . P y . Without loss of generality, it may also be assumed that
is minimal. It will now be shown P y � � that � � 0, which establishes Ž .
iii .
Suppose, by way of contradiction, that � X 0, and fix ỹ � Y with
, where X � supp P. By Ž . and Proposition 3.8 applied to P, ỹ in place of P, y., there is an X = -to-ỹ P-fusion P of strictly posit ive mass transfer m with P � Q, such that Q y Ž . � P y Ž . � � � m , and
˜Ž . for all other y � Ỹ = Žsince such y are not in Q y � P ỹ = ˜= X , and so their weights remain unchanged by an X -to-ỹ fusion .
. But this contradicts the minimality of P, so � � 0.
Since P is a fusion of P, P� P by Proposition 3.4 v.
� 4 with Z � X � Y � ; .
Ž .
Ž . P is the fusion of P obtained by fusing all of the mass in iii � iv . P� Q. By Proposition 3.4 iv Ž . Ž � 4
. ŵ ith Z � X � Y � ; again , P is a fusion of P, since it is a fusion of a fusion of P.
EXTENSIONS TO GENERAL MEASURES AND INFINITE-DIMENSIONAL SPACES
The purpose of this section is to show how the basic finitistic Žfinite atoms, finite dimensions. result of Theorem 2.3 can be used to give simple proofs of analogous results in infinite-dimensional settings with general measures. Throughout this section, P and Q are finite Borel measures on V, where V is a separable Banach space or a compact convex subset of a locally convex topological vector space. Restriction to such spaces is only to ensure that barycenters exist; see G � 3 for details, as well as for the inclusion of continuous in the next definition. DEFINITION 4.1. P con;exly dominates Q Žwritten P � Q. if H� dP � H� dQ for all nonnegative continuous convex functions �: V � � for which both integrals exist.
Note that P � Q � H dP � H dQ, so < < < < Remarks. P � Q . Also note G � Ž that this definition agrees with Definition 3.15 in 3 where nonnegati;e was not required. in case P and Q are probability measures, as is seen by the following argument: since H dP � H dQ, nonnegative convex domination implies H� dP � H� dQ for all continuous convex functions that are bounded below. Then letting � t � max��, �t4,
t�� t�� Ž . The more general definition of fusion Definition 2.1 above for nonfinitis G � tic probability measures and infinite-dimensional spaces given in 3 carries over easily to arbitrary positive finite measures. Intuitively, a fusion is simply the weak limit of measures formed from a base measure by repeatedly collapsing parts of the mass of measurable sets to their respec tive barycenters Žsee G � 3 for details . The proof will be facilitated by several preliminary definitions and lemmas. DEFINITION 4.3. Let V be a separable Banach space or a convex compact metrizable subset of a lctvs. In the case where V is a separable Banach space, assume that P has a finite first moment, that is, H < < x dP Ž . x ) � Žin the case where V is a convex compact metrizable subset of a lctvs, P will always be said to ha;e a finite first moment .. 
